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Abstract
A new model of nonlinear electrodynamics with two parameters
is proposed. We study the phenomenon of vacuum birefringence, the
causality and unitarity in this model. There is no singularity of the
electric field in the center of point-like charges and the total electro-
static energy is finite. We obtain corrections to the Coulomb law
at r → ∞. The weak, dominant and strong energy conditions are
investigated. Magnetized charged black hole is considered and we
evaluate the mass, metric function and their asymptotic at r → ∞
and r → 0. The magnetic mass of the black hole is calculated. The
thermodynamic properties and thermal stability of regular black holes
are discussed. We calculate the Hawking temperature of black holes
and show that there are first-order and second-order phase transitions.
The parameters of the model when the black hole is stable are found.
1 Introduction
QED with quantum corrections modifies Maxwell’s electrodynamics and be-
comes nonlinear electrodynamics (NLED) [1]. The phenomenon of vacuum
birefringence takes place in this NLED in the presence of the external mag-
netic field. The effect of vacuum birefringence means that indexes of refrac-
tion are different for two orthogonal polarization states. This effect is now
of great experimental interest [2], [3], [4]. Therefore, models of NLED that
admit the phenomenon of vacuum birefringence are of definite interest. In
Born-Infeld (BI) electrodynamics [5] there is no the effect of birefringence,
but in the modified Born-Infeld electrodynamics with two parameters the
birefringence phenomenon occurs [6]. For weak field limit NLED should be
converted into Maxwell’s electrodynamics. Due to self-interaction of photons,
for strong electromagnetic fields, classical electrodynamics may be modified
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[7]. In BI electrodynamics and in other models of NLED [8] - [11] an upper
bound on the electric field in the center of charged particles exists and the
total electromagnetic energy is finite. But in classical electrodynamics there
are problems of singularity of an electric field in the center and the infinite
electromagnetic energy of charged particles. Such problems may be absent
in NLED. It is interesting that NLED coupled with general relativity (GR)
can give the universe acceleration [12] - [19]. But electromagnetic fields in BI
electrodynamics do not drive the universe to accelerate [15]. In addition, BI
electrodynamics has the problem of causality [20]. The black hole solutions
in GR in the framework of different NLED were investigated in [21] - [29]
and in many other papers. In this paper we propose and investigate a new
model of NLED.
The structure of the paper is as follows. In section II we propose new
model of NLED with two parameters β and γ. The phenomenon of vacuum
birefringence is investigated. We show that at γ = 8β the birefringence effect
disappears. It is found the range of magnetic field when the causality and
unitarity principles are satisfied in our model. We show in section III that
the dual symmetry is broken. It is proven that there is no singularity of the
electric field strength at the origin for the point-like particles and the maxi-
mum electric field strength in the center is E(0) =
√
2/
√
β. The correction
to the Coulomb law in the order of O(r−6) is obtained. We demonstrate in
section IV that the total electrostatic energy of point-like charges is finite.
The scale invariance in our model is violated due to the presence of dimen-
sional parameters. The weak, dominant and strong energy conditions are
satisfied. We investigate the electric-magnetic duality and show that there
is not a one to one correspondence between F and P fames. NLED coupled
with GR is studied in section V and we find the regular black hole solution.
The mass, the metric function and their asymptotic at r → ∞ and r → 0
are evaluated. We also calculate the magnetic mass of black holes. There
are no singularities of the Ricci scalar at r → ∞ and r → 0. In section VI
we investigate the black holes thermodynamics and the thermal stability of
charged black holes. At different values of the parameter c = 29/2
√
β/(qG)
there may be one, two or no horizons. At definite conditions the first-order
and second-order phase transitions in black holes take place. In section VII
we make a conclusion.
The use units in which the speed of light= h¯ = 1, ε0 = µ0 = 1, and the
metric signature of the Minkowski spacetime is η = diag(−1, 1, 1, 1).
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2 The model of nonlinear electrodynamics
Let us introduce NLED with the Lagrangian density
L = − F
(βF + 1)2 +
γ
2
G2, (1)
where the parameters β and γ have the dimensions of (length)4 (βF and γG
are dimensionless), F = (1/4)FµνF µν = (B2 − E2)/2, G = (1/4)FµνF˜ µν =
E ·B, Fµν = ∂µAν − ∂νAµ is the strength of fields, and F˜ µν = (1/2)ǫµναβFαβ
is the dual tensor. The model described by Eq. (1) is the modification of
the model proposed in [9]. The model (1) possesses different behavior com-
pared to [9] for strong electromagnetic fields as in our model (at G = 0)
limF→∞L = 0, but in model [9] limF→∞L = −1/β. In addition, in this
paper we investigate the magnetized black holes and the black hole thermo-
dynamics. It will be shown that the model under consideration possesses
attractive features. Thus, we have the regular black hole solution. It should
be noted that the first model possessing the regular black hole solution was
proposed in [30] and then investigated in [31]. But in that model the cor-
respondence principle does not hold. Other regular black hole models with
nonlinear electromagnetic sources were considered in [32]-[36]. In the present
model the first-order and second-order phase transitions in black holes take
place.
The second term in Eq, (1), containing the scalar G, has the same struc-
ture as a term in QED with one-loop corrections [1]. The correspondence
principle in our model takes place because at βF ≪ 1 and γG ≪ 1 the La-
grangian density (1) approaches to Maxwell’s Lagrangian density LM = −F .
Thus, in the weak field limit the nonlinearity of field equations disappears.
2.1 Vacuum birefringence
QED was tested in the BMV experiment [2] and in the PVLAS experiment [3]
measuring the effect of vacuum birefringence. The phenomenon of vacuum
birefringence occurs in QED due to one-loop corrections [1]. There is no
vacuum birefringence in classical electrodynamics and in Born-Infeld (BI)
[5] electrodynamics. In generalized BI electrodynamics with two parameters
[6] the phenomenon of vacuum birefringence holds. Let us investigate the
vacuum birefringence in the model of NLED (1). Assuming that βF ≪ 1 we
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obtain the Taylor series of the Lagrangian density (1)
L = −F + 4βF2 − 12β2F3 +O
(
(βF)4
)
+
γ
2
G2. (2)
One can compare Eq. (2) with the Lagrangian density investigated in [37]
(see also [38]),
L = −1
2
(
B2 − E2
)
+ a
(
B2 − E2
)2
+ b (E ·B)2 . (3)
We see, comparing Eqs. (2) and (3), that up to O ((βF)2), a = β, b = γ/2.
In accordance with the results of [37] the indexes of refraction n⊥, n‖ for two
polarizations, perpendicular and parallel to the external magnetic induction
field B¯, are as follows:
n⊥ = 1 + 4aB¯
2 = 1 + 4βB¯2, n‖ = 1 + bB¯
2 = 1 +
γ
2
B¯2. (4)
As a result, the phase velocities are v⊥ = 1/n⊥ < 1, v‖ = 1/n‖ < 1 and
we have the phenomenon of vacuum birefringence if n⊥ 6= n‖. The Cotton-
Mouton (CM) effect [4] tells us that the difference in the indexes of refraction
is given by
△nCM = n‖ − n⊥ = kCM B¯2. (5)
From Eqs. (4) and (5) we obtain the CM coefficient kCM = γ/2 − 4β. The
BMV and PVLAS experiments give the bounds
kCM = (5.1± 6.2)× 10−21T−2 (BMV),
kCM = (4± 20)× 10−23T−2 (PVLAS). (6)
From PVLAS experiment we find the bound on the parameters of our model
γ/2 − 4β ≤ (4 ± 20) × 10−23T−2. If γ = 8β the effect of of vacuum bire-
fringence is absent. In QED, using quantum corrections, the bound on CM
coefficient is kCM ≤ 4.0×10−24T−2 [2]. For strong magnetic fields the possible
phenomenon of vacuum birefringence should be taken into consideration.
2.2 The causality and unitarity principles
For the healthy theory the general principles of causality and unitarity should
be satisfied. Thus, the causality principle guarantees that the group velocity
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of excitations over the background is less than the light speed. When the
causality principle holds tachyons will not appear. The unitarity principle
requires that ghosts will be absent. Both requirements are formulated as [39]
LF ≤ 0, LFF ≥ 0, LGG ≥ 0,
LF + 2FLFF ≤ 0, 2FLGG − LF ≥ 0, (7)
where LF ≡ ∂L/∂F , LG ≡ ∂L/∂G. Making use of Eq. (1) we obtain
LF = βF − 1
(1 + βF)3 , LGG = γ,
LF + 2FLFF = −3(βF)
2 + 8βF − 1
(1 + βF)4 , LFF =
2β(2− βF)
(1 + βF)4 . (8)
From Eqs. (7) and (8) we find that the principles of causality and unitarity
hold if the electromagnetic fields obey the inequality
0 < βF ≤ 4−
√
13
3
≃ 0.13. (9)
For the case E = 0 this gives the restriction B ≤
√
2(4−√13)/√3β ≃
0.51/
√
β.
3 Field equations
Euler-Lagrange equations lead to the equations of motion
∂µ
(√−g (LFF µν + LGF˜ µν)) = 0. (10)
From Eqs. (1) and (10) we obtain field equations
∂µ
(√−g
(
(βF − 1)F µν
(1 + βF)3 + γGF˜
µν
))
= 0. (11)
One can find the electric displacement field D = ∂L/∂E,
D =
1− βF
(1 + βF)3E+ γGB. (12)
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We obtain the magnetic field from the relation H = −∂L/∂B,
H =
1− βF
(1 + βF)3B− γGE. (13)
Eqs. (12) and (13) can be decomposed as [40]
Di = εijE
j + νijB
j , Hi = (µ
−1)ijB
j − νjiEj. (14)
From Eqs. (12), (13) and (14) we find
εij = δijε, (µ
−1)ij = δijµ
−1, νji = δijν,
ε =
1− βF
(1 + βF)3 , µ
−1 = ε =
1− βF
(1 + βF)3 , ν = γG. (15)
Field equations (11), using Eqs. (12) and (13), can be written in the form of
nonlinear Maxwell’s equations
∇ ·D = 0, ∂D
∂t
−∇×H = 0. (16)
Equations (16) are nonlinear Maxwell’s equations because εij, (µ
−1)ij, and
νji depend on electromagnetic fields. From the Bianchi identity one obtains
the second pair of nonlinear Maxwell’s equations
∇ ·B = 0, ∂B
∂t
+∇×E = 0. (17)
From Eqs. (12) and (13) we obtain the equality
D ·H = (ε2 − ν2)E ·B+ 2ενF . (18)
In our model the dual symmetry is broken because D ·H 6= E ·B [41]. In BI
electrodynamics and classical electrodynamics dual symmetry holds but in
generalized BI electrodynamics [6] and QED with quantum corrections the
dual symmetry is broken.
3.1 The field of point-like charges
The Maxwell’s equation, for the point-like particle with the electric charge
Q (B = 0), in Gaussian units is given by
∇ ·D = 4πQδ(r) (19)
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Taking into account Eq. (12), the solution to Eq. (19) is written as
E (1 + βE2/2)
(1− βE2/2)3 =
Q
r2
. (20)
If r → 0 the solution to Eq. (20) is given by
E(0) =
√
2
β
. (21)
Thus, there is no singularity of the electric field strength at the origin for the
point-like charges. The value (21) gives the maximum electric field at the
center of charged particles. The same feature occurs in BI electrodynamics,
but in classical electrodynamics the electric field strength has the singularity
at the origin of the point-like particles. It is convenient to introduce unitless
variables
x =
√
2r2
Q
√
β
, y =
√
β
2
E. (22)
Then Eq. (20) becomes
(1− y2)3
y(1 + y2)
= x. (23)
The plot of the function y(x) is represented by Fig. 1. Numerical approxi-
mate real and positive solutions to Eq. (23) are given in Table 1. The Taylor
Table 1:
x 1 2 3 4 5 6 7 8 9 10
y 0.440 0.324 0.256 0.209 0.176 0.152 0.133 0.118 0.106 0.096
series of the function y(x) at r →∞ is
y =
1
x
− 4
x3
+O(x−5). (24)
From Eqs. (22) and (24) we obtain the asymptotic value of the electric field
at r →∞
E(r) =
Q
r2
− 2βQ
3
r6
+O(r−10). (25)
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Figure 1: The function y vs. x.
The second term in the right side of Eq. (25) gives the correction to Coulomb’s
law. Maxwell’s electrodynamics is recovered at β = 0 and we come to the
Coulomb law E = Q/(r2) . Thus, the electric field is finite at the center of
the charged particles and singularities are absent.
4 Energy-momentum tensor, dilatation cur-
rent and energy of charges
The symmetrical energy-momentum tensor can be obtained by varying the
action on the metric tensor gµν [42]. This gives the expression
Tµν =
2√−g
∂(
√−gL)
∂gµν
. (26)
From Eqs. (1) and (26) we find the symmetrical energy-momentum tensor
Tµν =
(βF − 1)F αµ Fνα
(1 + βF)3 + γGF
α
µ F˜να − gµνL, (27)
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From Eq. (27) one obtains the trace of the energy-momentum tensor
T ≡ T µµ =
8βF2
(1 + βF)3 + 2γG
2. (28)
At β = γ = 0 we arrive at classical electrodynamics and the energy-momentum
tensor becomes traceless. We find the dilatation current and its divergence
Dµ = xαTµα, ∂µDµ = T . (29)
As a result, the dilatation (scale) symmetry is violated because the dimen-
sional parameters β, γ are present. The dilatation symmetry is broken in
NLED where there are dimensional parameters but in classical electrody-
namics the dilatation symmetry occurs.
Let us calculate the total electrostatic energy of charged point-like parti-
cle. We obtain the energy density from Eq. (27)
ρ = T 00 =
(1− βF)E2
(1 + βF)3 +
F
(1 + βF)2 +
γ
2
G2. (30)
In the case of electrostatics (B = 0) the electric energy density (30) becomes
ρE = T
0
0 =
2E2(2 + 3βE2)
(2− βE2)3 . (31)
The total electrostatic energy of point-like particles E = ∫∞
0
ρEr
2dr, making
use of Eqs. (20), (22) and (31), is given by
E = Q
3/2
27/4β1/4
∫
1
0
(1 + 3y2)
√
1− y2(3y4 + 8y2 + 1)dy√
y(1 + y2)5/2
≃ 1.144Q
3/2
β1/4
. (32)
Thus, the total electrostatic energy of point-like particles is finite. One can
speculate that the electron mass is the total electrostatic energy [43], [44],
[45]. The point of view that the electron can be considered classically as a
charged object was proposed by Dirac [46].
4.1 Energy conditions
Let us study the energy conditions that are of importance for viability of the
theory. The weak energy condition (WEC) [48] guarantees that the energy
density is positive for any local observer, and it is given by
ρ ≥ 0, ρ+ pm ≥ 0 (m = 1, 2, 3), (33)
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where ρ is the energy density and pm are principal pressures pm = −T mm
(m = 1, 2, 3) and there is no summation in the index m. We will consider
two cases: I) B = 0, E 6= 0 and II) E = 0, B 6= 0.
I) B = 0, E 6= 0.
It follows from Eq. (31) that ρE ≥ 0. It should be mentioned that
E < Emax =
√
2/β. From Eq. (27) we obtain
pmE = −T mm =
E2
2(1− βE2/2)2 −
EmEm(1 + βE
2/2)
(1− βE2/2)3 . (34)
Then from Eqs. (31) and (34) one finds
ρE + p
m
E =
(E2 −EmEm)(1 + βE2/2)
(1− βE2/2)3 ≥ 0. (35)
Thus, WEC is satisfied for the electric field values E < Emax. The dominant
energy condition (DEC) [48], which shows that the speed of sound is less
than the speed of light, is defined as
ρ ≥ 0, ρ+ pm ≥ 0, ρ− pm ≥ 0 (m = 1, 2, 3). (36)
It follows from Eqs. (33) and (36) that DEC includes WEC. From Eqs. (31)
and (34) at B = 0, E 6= 0 one obtains
ρE − pmE =
EmEm(1 + βE
2/2) + βE4
(1− βE2/2)3 ≥ 0. (37)
As a result, DEC holds. The strong energy condition (SEC) [48], that defines
the acceleration, is given by
ρ+
3∑
m=1
pm ≥ 0. (38)
With the help of Eqs. (31) and (34), we find
ρE +
3∑
m=1
pmE =
E2
(1− βE2/2)2 ≥ 0, (39)
and, therefore, SEC is satisfied. One can find the pressure, for the case
B = 0, from the relation
pE = L+ E
2
3
LF = 1
3
3∑
m=1
pmE . (40)
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Thus, SEC (39) can be formulated as ρE + 3pE ≥ 0. Then, for the case
of NLED coupled with GR, SEC due to Friedmann’s equation tell us that
electrically charged universe decelerates. Let us investigate the second case.
II) E = 0, B 6= 0.
From Eqs. (30) and (27) we obtain
ρM =
B2
2(1 + βB2/2)2
≥ 0, (41)
pmM =
(B2 −BmBm)(1− βB2/2)
(1 + βB2/2)3
− B
2
2(1 + βB2/2)2
. (42)
Making use of Eqs. (41) and (42) one finds
ρM + p
m
M =
(B2 − BmBm)(1− βB2/2)
(1 + βB2/2)3
. (43)
Therefore, WEC is satisfied if B ≤
√
2/β. We obtain from Eqs. (41) and
(42)
ρM − pmM =
2B2 − BmBm +BmBm(βB2/2)
(1 + βB2/2)3
, (44)
and, as a result, DEC holds. One finds
ρM +
3∑
m=1
pmM =
B2 − (3/2)βB4)
(1 + βB2/2)3
. (45)
Therefore, SEC is satisfied at B ≤ √2/√3β ≃ 0.82/√β. For our case E = 0
the pressure is
pM = L − 2B
2
3
LF = 1
3
3∑
m=1
pmM . (46)
So, Friedmann’s equation shows that magnetized universe decelerates at B ≤√
2/
√
3β ≃ 0.82/√β, but it accelerates at B ≥ √2/√3β ≃ 0.82/√β.
4.2 Electric-magnetic duality
By virtue of a Legendre transformation [47] one can consider an alternative
form of NLED. We imply that B = 0 (G = 0), E 6= 0. Let us introduce the
tensor Pµν and its invariant P ,
Pµν =
1
2
LFFµν = Fµν(βF − 1)
2(βF + 1)3 ,
11
P = PµνP
µν =
F(βF − 1)2
(βF + 1)6 , (47)
where F = −E2/2. The Hamilton-like variable is given by
H = 2FLF − L = F(3βF − 1)
(βF + 1)3 . (48)
It is easy to verify that the H is equal to the energy density (31), H = ρE .
One can check that the relations hold as follows:
LFHP = 1, PH2P = F , L = 2PHP −H, (49)
where
HP = ∂H
∂P
=
(F + 1)3(8βF − 3(βF)2 − 1)
11(βF)2 − 3(βF)3 − 9βF + 1 . (50)
The plot of the function βP (βF) is represented in Fig. 2. Fig. 2 shows that
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Figure 2: The plot of the function βP (βF).
the function F(P ) is not a monotonic function. Therefore, there is not a one
to one correspondence between F and P frames [35]. As a result, the electric-
magnetic duality between two frames is broken. An electric solution in F
frame with the Lagrangian density L(F) does not possess a counterpart in
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the P frame by the substitution F → P , L → H, F01 → P23, and conversely.
In Maxwell’s electrodynamics we have L = H = −F = −P . In weak field
regime, βF ≪ 1, both models, (1) and (48) are converted into the Maxwell
theory L = −F .
5 Magnetized black hole
The action of our model of NLED in GR is
I =
∫
d4x
√−g
(
1
2κ2
R + L
)
. (51)
Here κ2 = 8πG ≡ M−2P l , G is Newton’s constant, R is the Ricci scalar, and
MP l is the reduced Planck mass. The Einstein equation obtained from Eq.
(51) is given by
Rµν − 1
2
gµνR = −κ2Tµν . (52)
Varying action (51) by electromagnetic potentials we find the equation of
motion for electromagnet fields
∂µ
(√−g(F µνLF + F˜ µνLG)) = 0. (53)
Let us investigate the static magnetic black hole solutions to Eqs. (52) and
(53). Bronnikov shown [35] that for pure magnetic field, when spherical
symmetry holds, the invariant is F = q2/(2r4), where q is a magnetic charge.
In the case of the spherical symmetry, the line element is given by
ds2 = −f(r)dt2 + 1
f(r)
dr2 + r2(dϑ2 + sin2 ϑdφ2), (54)
with the metric function
f(r) = 1− 2GM(r)
r
. (55)
The mass function is defined as
M(r) =
∫ r
0
ρM (r)r
2dr = m−
∫ ∞
r
ρM (r)r
2dr, (56)
13
were m =
∫∞
0 ρ(r)r
2dr is the magnetic mass of the black hole. The magnetic
energy density, found from Eq. (30), is
ρM =
2q2r4
(2r4 + βq2)2
. (57)
From Eqs. (56) and (57) one obtains the mass function
M(r) =
q3/2
23/4β1/4
∫ x
0
x6dx
(x4 + 1)2
=
q3/2
223/4β1/4
[
3
√
2 ln
x2 −√2x+ 1
x2 +
√
2x+ 1
− 8x
3
x4 + 1
+ 6
√
2
(
arctan(1 +
√
2x)− arctan(1−
√
2x)
)]
, (58)
where x = 21/4r/(
√
qβ1/4). From Eq. (58) we find the black hole magnetic
mass
m = M(∞) = 3πq
3/2
217/4β1/4
≃ 0.495q
3/2
β1/4
. (59)
Taking into consideration Eqs. (55) and (58) one obtains the metric function
f(x) = 1− 1
cx
[
3
√
2 ln
x2 −√2x+ 1
x2 +
√
2x+ 1
− 8x
3
x4 + 1
+ 6
√
2
(
arctan(1 +
√
2x)− arctan(1−
√
2x)
)]
, (60)
where c = 29/2
√
β/(Gq). From Eq. (60) we find the asymptotic of the metric
function at x→ 0 (r → 0)
f(x) = 1− 1
c
(
32
7
x6 − 64
11
x10 +
32
5
x14 +O(x18)
)
, (61)
or in the equivalent form
f(r) = 1− 4Gr
6
7β2q2
+
16Gr10
11β3q4
− 16Gr
14
5β4q6
+O(r18). (62)
It follows from Eq. (62) that we have the regular solution for magnetized
black hole within our NLED because limr→0 f(r) = 1. One can find the
asymptotic of the metric function at x→∞ (r →∞) from Eq. (60)
f(x) = 1− 1
c
(
6
√
2π
x
− 32
x2
+
64
5x6
+O(x−10)
)
. (63)
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With the use of Eq. (59) and the definition c = 29/2
√
β/(Gq) we obtain from
(63)
f(r) = 1− 2Gm
r
+
Gq2
r2
− βGq
4
5r6
+O(r−10). (64)
Equation (64) shows that we have the RN solution with corrections in the
order of O(r−6). If r → ∞ one has f(∞) = 1 and the spacetime becomes
flat. At β = 0 NLED becomes Maxwell’s electrodynamics and solution (64)
is the RN solution.
We obtain event x+ and internal Cauchy x− horizons by solving the equa-
tion f(r) = 0. Table 2 represents horizons for different parameters c. The
Table 2: Event x+ and internal Cauchy x− horizons
c 1 1.5 2 2.5 3 3.5 4 4.5 5 5.5
x+ 25.397 16.477 11.995 9.284 7.455 6.124 5.095 4.254 3.516 2.733
x− 0.850 0.942 1.024 1.104 1.186 1.274 1.374 1.495 1.661 1.977
plot of the function c(x) (at f(x) = 0) is represented in Fig. 3. Fig. 3 shows
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c
Figure 3: The plot of the function c(x).
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that it can be the regular black hole solution at 0 < c < 5.625 with two
horizons or the extremal black hole solution at c ≃ 5.625 with one horizon,
or there can be no horizons at c > 5.625 corresponding to the particle-like
solution (similar to the magnetic monopole). The plot of the function f(x)
for c = 9, 5.625, 4 is represented in Fig. 4.
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0.8
1
1.2
x
f(x
)
 
 
c=9
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c=4
Figure 4: The plot of the function f(x). The dash curve corresponds to
c = 9, the solid (thick) curve is for c = 5.625, and the dashed-dot curve
corresponds to c = 4.
We obtain the Ricci scalar from Eqs. (28) and (52)
R = κ2T = 16κ
2βq4r3/2
(2r4 + βq2)3
. (65)
At r →∞ and at r → 0 the Ricci scalar goes to zero, R→ 0, and therefore,
there are no singularities of the Ricci scalar.
6 The black hole thermodynamics
Let us study the black holes thermodynamics and the thermal stability of
charged black holes. For this purpose we will calculate the temperature of
16
the black hole. The Hawking temperature is given by
TH =
κS
2π
=
f ′(r+)
4π
, (66)
where κS being the surface gravity and r+ is the event horizon. From Eqs.
(55) and (56) we obtain the relations as follows:
f ′(r) =
2GM(r)
r2
− 2GM
′(r)
r
, M ′(r) = r2ρ, M(r+) =
r+
2G
. (67)
From Eqs. (57), (58), (66), and (67) one finds the Hawking temperature
TH =
1
27/4π
√
qβ1/4
(
1
x+
− 32x
5
+
c(x4+ + 1)2
)
, (68)
where
c =
1
x+
[
3
√
2 ln
x2+ −
√
2x+ + 1
x2+ +
√
2x+ + 1
− 8x
3
+
x4+ + 1
+ 6
√
2
(
arctan(1 +
√
2x+)− arctan(1−
√
2x+)
)]
, (69)
and x+ = (2/βq
2)
1/4
r+, c = 2
9/2
√
β/(Gq). The plot of the function TH
√
qβ1/4
is given in Fig. 5. The first-order phase transition takes place if the tempera-
ture and heat capacity change the sign. The black hole is in the unstable state
when the temperature is negative. If the heat capacity is singular in some
point, it corresponds to the second-order phase transition. At x+ ≃ 2.303
(r+ ≃ 1.94√qβ1/4) the temperature becomes zero, TH = 0 and, it corresponds
to the first-order black hole phase transition.
The black hole with zero temperature corresponds to the extremal one
and differs significantly from other cases. The extreme and non-extreme
black holes are different via certain semiclassical effects. But quantum effects
change the spacetime geometry close to the event horizon of a black hole
and, therefore, the surface gravity and temperature are altered [49]. As a
result, in physically realistic cases the macroscopic zero temperature black
hole solutions do not exist. Zero temperature static black hole solutions in
the framework of semiclassical theory of gravity can be considered as non-
physical and they cannot join smoothly to the Reissner-Nordstro¨m solution.
It is impossible to construct a macroscopic zero temperature black hole that
is near to zero temperature. The third law of black hole thermodynamics
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Figure 5: The plot of the function TH
√
qβ1/4 vs x+.
tells that a system cannot be reduced to zero temperature in a finite number
of operations, i.e. a nonextremal black hole cannot become extremal [50].
Thus, the extreme black hole with zero temperature cannot be produced by
any physical processes. In this paper we explore only classical approach and
do not consider quantum effects.
If x+ < 2.303 the Hawking temperature is negative and the black hole is
unstable. Making use of Eq. (69) we find the constant c ≃ 5.625 correspond-
ing to the first-order phase transition (x+ ≃ 2.303). Then one obtains the
critical values of the parameters corresponding to this horizon
β =
(cqG)2
29
≃ 0.062q2G2, m = 0.495q
3/2
β1/4
≃ 0.993q√
G
, TH ≃ 0. (70)
Let us explore the entropy satisfying the Hawking area low S = A/(4G) =
πr2+/G. The heat capacity at the constant charge becomes
Cq = TH
(
∂S
∂TH
)
q
=
TH∂S/∂r+
∂TH/∂r+
=
2πr+TH
G∂TH/∂r+
. (71)
The temperature possesses the maximum at x+ ≃ 4 (r+ ≃ 3.92√qβ1/4).
Then ∂TH/∂r+ = 0 and the heat capacity (71) diverges indicating on the
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phase transition of the second-order [50]. Therefore, we have the second-
order phase transition at x+ ≃ 4. The plots of the function CqG/(q
√
(β))
vs x+ are represented in Figs. 6 and 7. By virtue of Eq. (69) we obtain
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Figure 6: The plot of the function CqG/(q
√
β) vs x+.
the constant c ≃ 4.667 corresponding to the second-order phase transition.
One can obtain the critical values of the parameters which correspond to the
horizon x+ ≃ 4
β =
(cqG)2
29
≃ 0.043q2G2, m = 0.495q
3/2
β1/4
≃ 1.087q√
G
, TH ≃ 0.0136
q
√
G
. (72)
As a result, the parameters, which correspond to the phase transitions, can be
expressed via the magnetic charge of the black hole q and Newton’s constant
G. When the horizon r+ is greater than the critical value r+ ≃ 3.92√qβ1/4
the black hole becomes unstable. Thus, the black hole within our model is
stable in the range 1.94
√
qβ1/4 < r+ < 3.92
√
qβ1/4.
7 Conclusion
We have proposed a new model of NLED with two parameters β and γ
which for weak fields is converted to Maxwell’s electrodynamics. The bire-
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Figure 7: The plot of the function CqG/(q
√
β) vs x+.
fringence phenomenon holds if γ 6= 8β but otherwise the effect of birefrin-
gence disappears similar to classical electrodynamics. It is known that in
QED the birefringence phenomenon takes place due to quantum corrections.
We have shown that, for the case of the presence of pure magnetic field, at
B ≤
√
2(4−√13)/√3β ≃ 0.51/√β the principles of causality and unitarity
occur. The dual symmetry is broken in our model as well as in QED with
loop corrections. It was demonstrated that there is no singularity of the
electric field in the center of point-like particles and the maximum electric
field strength is E(0) =
√
2/
√
β. The total electrostatic energy of point-like
particles was calculated that is finite. We have obtained the correction to
Coulomb’s law at r →∞ that is in the order of O(r−6). The dilatation sym-
metry is broken because of the presence of the dimensional parameters β and
γ. It was shown that WEC, DEC and SEC are satisfied for the case B = 0,
E 6= 0. If E = 0, B 6= 0 WEC and DEC hold for any values of the magnetic
field but SEC is satisfied at B ≤ √2/√3β. This means that magnetized
universe is accelerating when the average magnetic field B ≥ √2/√3β. The
electric-magnetic duality between P and F frames is broken in the model
under consideration.
We have studied the magnetized black holes in GR and obtained the
20
regular black hole solution and its asymptotic at r → ∞. The magnetic
mass of the black hole and the metric function were calculated. We have
demonstrated that the Ricci scalar does not possess singularities at r → ∞
and at r → 0. For different value of the parameter c = 29/2√β/(Gq) there
can be one horizon (c ≃ 5.625), two horizons (c < 5.625) or no horizons
(c > 5.625) corresponding to a particle-like solution.
The thermal stability of regular black holes was investigated and the
Hawking temperature of black holes was evaluated. At r+ ≃ 1.94√qβ1/4 the
first-order phase transition takes place and Hawking temperature becomes
zero, TH = 0. At r+ < 1.94
√
qβ1/4 the black hole is unstable. The heat
capacity diverges at r+ ≃ 3.92√qβ1/4 that indicates on the phase transition
of the second-order. The parameters β, m and TH corresponding to first-
order and second-order phase transitions were calculated. In our opinion the
model proposed, is of theoretical interest.
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